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A ring R is said to be right semi-artinian if every (cyclic) right module has non-zero (and thus essential) socle (see [7] , for example). Right semi-artinian rings are called right socular in [8] .
2. Direct summands of weakly-injective modules. PROPOSITION 
Every completely reducible module over an arbitrary ring R is a direct summand of a weakly-injective R-module.
Proof. Let M be a completely reducible right R-module. Let us write M = 0[S,], iel where [5,] represents the homogeneous component of M corresponding to the simple submodule 5, c M. It follows that, for every i e I, there exists a cardinal N, such that [5,] = 5j K() . Let X be an infinite cardinal greater than both the cardinality of R and the number of summands of M. In particular, for every iel, K>K,. Notice that for every finitely generated right R -module N, if 0 U a is an internal direct sum of nonzero aer submodules of N then the cardinality of T is less than X. Let V = M © E(iW (N) ). We claim that V is weakly-injective. Notice, first of all, that E{V) = £(M (N) ) and SocK = Soc£(K)s0 [5,] ( K ) s0(5f')) ( N ) = 0 S r ) . Let N be a finitely generated submodule of 
. Hence, we get Soc V = Soc N © T for some T = SocV. Therefore, £(Soc V) = E{V) = E(N) ® E(T), and E(T) = E(V). Let Y be a submodule of E(T) isomorphic to V and define
Since N c X, this concludes our proof. COROLLARY 
Over a right semi-artinian ring R, every right R-module is a summand of a weakly-injective right module.
Proof. This follows from the previous proposition since weak-injectivity is preserved by essential extensions. PROPOSITION 
Over arbitrary rings, every module is a summand of a tight module. If R is a right q.f.d. ring, every right R-module is a summand of a weakly-injective right module.
Proof. Let M be a right module over the right q.f.d. ring R and let X be any infinite cardinal. Consider the module N = M © £(M (N) ). Since E(N) is isomorphic to a submodule of N, N is tight. In light of Theorem 3.1 ahead, if R is a right q.f.d. ring then N is weakly-injective. THEOREM 
Let R be a ring. Then (1) direct summands of weakly-injective (tight) right R-modules are weakly-injective (tight) if and only if R is a right weakly-semisimple ring, and (2) every weakly-injective (tight) right module is injective if and only if R is semisimple-artinian.
Proof. If weakly-injective (tight) right R -modules were closed under direct summands, Proposition 2.1 implies that every completely reducible right R-module would be weakly-injective (tight) and thus injective. This implies that R is right noetherian (see [8] or [12] ). Then, by Proposition 2.3 and the hypothesis, R is right weakly-semisimple. One can argue in the same way to prove that if every weakly-injective module is injective then every right /?-module is injective and hence R is semisimple artinian.
3. Weak-injectivity versus tightness. 
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The following theorem comes close to being a converse for Theorem 3.1. The proof of the above theorem suggests how one can create an example of a tight module which is not weakly-injective. EXAMPLE 
Let R be the ring of endomorphisms of an infinite dimensional vector space V over a division ring D. Then there exists a tight R-module M which is not weakly -injective.
Proof. The socle of R is essential in R and it consists of a direct sum of X pairwise isomorphic minimal right ideals, where X = dim o V. So, it follows as in the proof of Theorem 3.2 that if S is a minimal right ideal of R, the module M = 5 (N) © £(S (N) ) = Soc R ffi R is tight but not weakly-injective.
